In the Elliott SU(3) symmetry scheme the single particle basis is derived from the isotropic harmonic oscillator Hamiltonian in the Cartesian coordinate system. These states are transformed into the solutions of the same Hamiltonian within the spherical coordinate system. Then the spin-orbit coupling can be added in a straightforward way. The outcome is a transformation between the Elliott single particle basis and the spherical shell model space.
Introduction
Nuclear shape is the important factor which determines the appropriate good quantum numbers of the single particle states and furthermore all the collective nuclear observables. Usually the nucleus is considered to possess a spherical or an ellipsoidal (axial or triaxial) shape. If the nucleus is nearly spherical, then the spherical coordinate system (r, θ, φ) is the appropriate one for the mathematical solution of the Schrödinder equation. In contrast, if the nucleus is triaxial, then the Cartesian coordinate system (x, y, z) suits better to the single particle states. The nucleons are bound due to a mean field, which can be considered to be a three-dimensional (3D) isotropic harmonic oscillator. In addition there are other important interactions, such as the spin-orbit l · s [1, 2] , the quadrupolequadrupole q · q, and the pairing interaction. The spin-orbit and the pairing interactions use the angular momentum l, thus they match better to the spherical coordinate system. On the contrary the five components of the q · q interaction are described more easily in the Cartesian coordinate system [3] . Consequently one has to interplay between the two coordinate systems.
The bases
Let us consider the simplest single particle Hamiltonian:
where the first two terms are the Hamiltonian of the 3D isotropic harmonic oscillator and the last term is the spin-orbit interaction, with l being the orbital angular momentum and s being the spin, while V ls is the potential of the spinorbit coupling [4] .
The single particle states of the Elliott SU(3) scheme [5] [6] [7] are the solutions of the 3D isotropic harmonic oscillator in the Cartesian coordinate system |n z , n x , n y , which are Hermite polynomials [8] . These states have been used in Ref. [9] to derive the U(3) irreducible representations (irreps) [f 1 , f 2 , f 3 ] and afterwards the Elliott irreps (λ, µ).
The 3D isotropic harmonic oscillator can also be solved in the spherical coordinate system and give single particle states {k, l, l 0 } [8] , where the total number of oscillator quanta N is:
with l 0 being the projection of the orbital angular momentum, while k is an even positive integer or zero. In nuclear physics the notation k = 2n is also used, with n = 0, 1, 2, . . . , resulting in N = 2n + l.
Transformation of the 3D isotropic harmonic oscillator states
A 3D harmonic oscillator shell with N = 1 has single particle states in the Cartesian coordinate system |n z , n x , n y : |n z , n x , n y : |1, 0, 0 , |0, 1, 0 , |0, 0, 1 .
For the p shell the possible {k, l, l 0 } are:
The relations between the Cartesian and the spherical coordinate systems for N = 1 are [8]:
Similar transformations are given in [8] for the 3D isotropic harmonic oscillator states with N = 2:
Clebsch-Gordan coefficients
In the following the j = l + s coupling is applied in each {k, l, l 0 } state, with j being the total angular momentum. The notation |s, s 0 = |1/2, ±1/2 = |± is used, where s 0 is the spin projection. The Clebsch-Gordan (CG) coefficients connect the uncoupled states {k, l, l 0 } |± with the coupled states {k, l, j, j 0 } (where j 0 is the projection of the total angular momentum), as:
The coupled states {k, l, j, j 0 } are the usual shell model orbitals:
Calculating the CG coefficients ones finds:
The same connection can be achieved for the sd shell with N = 2:
{2, 0, 0} |+ = 2s
{2, 0, 0} |− = 2s
{0, 2, 2} |+ = 1d
{0, 2, 1} |− = 3 5 1d
{0, 2, −1} |+ = − 3 5 1d
{0, 2, 0} |+ = − 2 5 1d
{0, 2, 0} |− = 2 5 1d
Transformation between the Elliott and the shell model bases
The combination of Eqs. (5-7) with (20-25) connects the Elliott single particle states |n z , n x , n y |± with the shell model states for the p shell (N = 1) as:
The transformation between the Elliott and the shell model bases can also be established in the sd shell with N = 2 quanta. The system of Eqs. (8) (9) (10) (11) (12) (13) with the Eqs. (26-37) results to:
|2, 0, 0 |− = − 1 √ 3 2s 
|0, 1, 1 |+ = −i 2 5 1d
Eqs. (38-43) can also be solved in the inverse way. The shell model states are related with the Elliott states for the N = 1 shell as:
The shell model states in relation to the Elliott states for the sd shell with N = 2 are derived from the system of Eqs. (44-55):
1s
1d
Similar transformations for shells with N ≥ 3 are the subject of work in progress.
Proxy-SU(3) in the shell model
The proxy-SU(3) symmetry has been introduced in [10] , using a replacement of the intruder Nilsson orbitals in the spin-orbit like shells 28-50, 50-82, 82-126. Here we exemplify this replacement for the simpler case of the spin-orbit like shell 6-14 [11, 12] , consisting of the normal parity orbitals 1p 1/2 ±1/2 and the intruder orbitals 1d 5/2 ±5/2,±3/2,±1/2 . The SU(3) symmetry can be restored in this shell by excluding the highest j 0 orbitals 1d 5/2 ±5/2 and by replacing the rest, 1d 5/2 ±3/2,±1/2 , by the 1p 3/2 ±3/2,±1/2 respectively. This replacement simply reduces by one unit the number of quanta in the z Cartesian axis of the intruder orbitals. Consequently the 6-14 shell, after the replacement of the 1d 5/2 orbitals, becomes a p shell, just like the 2-8 harmonic oscillator shell. In the following equations the orbitals of the 6-14 shell after this replacement are presented. The blue colored orbitals are those which were initially included in the original 6-14 shell before the replacement and the red colored orbitals are the orbitals included after the replacement. Thus proxy-SU(3) symmetry mixes the normal with the intruder parity orbitals for the 6-14 shell as follows:
|1, 0, 0 |− = 1 √ 3 1p
Eqs. (74)-(79) with the red terms are identical to Eqs. (38)-(43), which represent the Elliott p shell, while Eqs. (74)-(79) with the blue terms correspond to the 6-14 spin-orbit like shell, which is mapped onto the p shell through the proxy-SU(3) approximation.
An elementary example
We describe here in the briefest possible way an elementary example of the usefulness of the equations derived in this work. More substantial examples will be presented in detail in a long publication. Consider the nucleus 20 10 Ne 10 . From the Nilsson diagrams one expects that the two valence protons and the two valence neutrons lie in the 1d 5/2 ±1/2 orbitals. From the expression of these orbitals in terms of Elliott states, given in Eqs. (71), (72), one can calculate the average values of n z , n x , n y for two particles in the 1d 5/2 ±1/2 orbitals, which turn out to be 12/5, 4/5 and 4/5 respectively. These are average values over several states, thus it is not surprising that they are not integer. Then the effective average Elliott quantum numbers for valence protons or neutrons alone will be λ = n z − n x = 8/5 and µ = n x − n y = 0 [13] , while for the whole nucleus will be λ = 16/5 and µ = 0. Again these are not integers, because they are average values over several states. Using the standard relations [9] connecting λ and µ to the collective parameters β and γ in the way employed in [15] we obtain β = 0.211 and γ = 10.4 o . This parameterindependent result compares well with the relativistic mean field prediction of β = 0.186 [16] .
Conclusions
The Elliott basis is expressed in the Cartesian coordinate system, while the shell model space is described in the spherical coordinate system. A transformation has been established between the two bases for the p and the sd shells. For a deformed nucleus one may place the nucleons in the Elliott basis and use the above expansions in order to estimate the occupation probabilities of the shell model states. In contrast, for an almost spherical nucleus one may place the particles in the shell model states and use the expansions of the previous section, in order to estimate the collective deformation parameters β, γ as in [14] , taking into account the probabilities by which the various (λ, µ) irreps appear.
